The cohomology of a compact Kähler (resp. hyperKähler) manifold admits the action of the Lie algebra so(2, 1) (resp. so(4, 1)). In this paper we show, following an idea of Witten, how this action follows from supersymmetry, in particular from the symmetries of certain supersymmetric sigma models. In addition, many of the fundamental identities in Hodge-Lefschetz theory are also naturally derived from supersymmetry.
Introduction
It is a classical result going back to Hodge and Lefschetz [2] that the de Rham cohomology of a compact Kähler manifold admits an action of the Lie algebra sℓ(2) ∼ = so (2, 1) . This action is generated by the operations of exterior product with the Kähler form and its adjoint operation with respect to the Hodge inner product. A more recent result of Verbitsky [5, 6] states that if the manifold is hyperKähler, then the so(2, 1) action is part of a larger so(4, 1) action, which is now generated by exterior products with each of the three Kähler forms and their adjoints. Recently Witten [9] has suggested that this can be understood from supersymmetry.
It is well-known that requiring supersymmetry in a sigma model imposes strong restrictions on the geometry of the target manifold X. The earliest result in this direction was the observation [10] that the four-dimensional sigma model can be made supersymmetric if and only if X admits a Kähler metric. Similarly [1] supersymmetry of a six-dimensional sigma model with target space X demands that X be hyperKähler. Upon dimensional reduction to one dimension these supersymmetric sigma models become quantum mechanical systems, introduced to great effect in [8] and much studied since. These quantum mechanical systems have as Hilbert space the square-integrable differential forms on X, and as hamiltonian the Hodge laplacian. By reason of supersymmetry, the energy is non-negative. Therefore the ground states are in one-to-one correspondence with the square-integrable harmonic forms and thus, when X is compact, with the cohomology. Therefore any symmetry of the hamiltonian will preserve the ground states and hence act on the cohomology. On the other hand, a (d+1)-dimensional supersymmetric sigma model with a Lorentzian metric has an action which is invariant under the Lorentz group SO(d, 1). Upon dimensional reduction to one (spatial) dimension, this reduces to an SO(d−1, 1) 'internal' symmetry. Applying this to supersymmetric sigma models in 3+1 (resp. 5+1) dimensions with compact target space X yields an SO(2, 1) (resp. SO(4, 1)) action on the cohomology of X. This is Witten's argument.
Whereas this beautiful argument explains the existence of these group actions, it does not tell us that they agree with the ones known from geometry. It is the purpose of this paper to prove that they do. In fact, supersymmetry lies at the heart of much of the Hodge-Lefschetz theory and in this paper we will also briefly mention these results. For example, the Hodge identities are what remains (after dimensional reduction) of the fact that the supersymmetry generators are spinors of the relevant (i.e., four-or six-dimensional) spacetime. This paper is organised as follows. In the next section we will consider the Kähler case, reviewing the Hodge-Lefschetz construction and then checking explicitly that it agrees with the one coming from supersymmetry. Then in section 3 we will tackle the hyperKähler case, reviewing Verbitsky's construction and checking that it too agrees with that coming from supersymmetry. Finally in Section 4 we offer some closing comments.
The Kähler case
In this section we discuss the Kähler case. We first briefly review some facts from the Hodge-Lefschetz theory of a Kähler manifold which we will need. We will then show how these may be understood by considering the dimensional reduction of the four-dimensional supersymmetric sigma model. We follow the notational conventions of [7] .
Some harmonic theory on Kähler manifolds
Let X be a compact Kähler manifold of complex dimension n. The complex differential forms on X decompose as
where A p,q c is the subspace of (p, q)-forms. The Hodge ⋆-operator maps
and obeys ⋆ 2 = (−) p+q acting on A p,q c . Using this operator we may define an hermitian inner product on the space of forms, the Hodge inner product:
Notice that because complex conjugation maps A p,q c → A q,p c , the Hodge inner product pairs forms of the same bidegree.
The de Rham operator on X decomposes into two operators of different bidegree:
c .∂ is called the Dolbeault operator. From d 2 = 0, one reads that ∂ 2 =∂ 2 = 0 and ∂∂ = −∂∂. Let ∂ * and∂ * denote their adjoint operators relative to the Hodge inner product. They also satisfy similar identities. Using these operators we can define two laplacians and¯ as follows:
Part of the magic of Kähler manifolds is that these two laplacians agree. In fact, we have
where △ is the Hodge laplacian. Other identities obeyed by the differential operators ∂,∂, ∂ * , and∂ * are:
Now let ω ∈ A In other words, L, Λ and H define a representation of the Lie algebra sl(2).
These operators obey a series of identities, known as the Hodge identities, which relate the Dolbeault operator and its cousins. These identities read:
It follows from these identities, that L, Λ and hence H commute with the Hodge laplacian. This means that they act on the space of harmonic forms and, by the Hodge decomposition theorem, on the cohomology. As we will see below, all the identities in this section will follow naturally from supersymmetry.
The supersymmetric sigma model in four dimensions
We will now recover these results using supersymmetry. Let X be a Kähler manifold of complex dimension n. Let z a andzā denote local complex coordinates, relative to which the metric has nonzero components g ab . The nonzero components of the Christoffel symbols are denoted Γ a bc and Γā bc , and those of the fully covariant Riemann curvature tensor by R abcd .
The N=1 supersymmetric sigma model in four dimensions with target space X is described by the following lagrangian density:
where • φ a is a complex scalar field withφā = (φ a ) * ;
• χ a α is a complex Weyl spinor andχāα = (χ a α ) * ; •σ µ = (−½, −σ i ) and σ µ = (−½, σ i ), where σ i are the Pauli matrices; and • the covariant derivative is defined by
The lagrangian (5) is invariant under the superpoincaré group, which contains an SO(3, 1) subgroup generated infinitesimally by:
where Λ µν is constant and antisymmetric. The Noether current associated with so(3, 1) transformations can be worked out by letting the parameter Λ µν depend on position and varying the lagrangian. Then up to a total derivative, we find after some σ-algebra:
where we have omitted terms which will not survive the dimensional reduction.
The lagrangian (5) is also invariant under the supersymmetry transformations:
where ε is a complex two-component spinor. The supersymmetry currents S µ α andS µα can be obtained just as was done for the Lorentz currents, and one finds:
withS µα = ǫαβ S µ β *
.
We now perform a trivial dimensional reduction to one dimension by simply dropping the dependence on all coordinates but x 0 . The dimensionally reduced lagrangian then becomes:
The conserved charges of the reduced lagrangian are now
for the 'internal' Lorentz generators, and
for the supercharges.
Defining J i = 1 2 ǫ ijk J jk and after some algebra, we find that
The quantisation of this system is well-known. The quantisation of the bosons φ a andφā is straightforward: the bosonic Hilbert space B is the space of square integrable complex-valued functions f (φ,φ). The canonical anticommutation relations of the fermions are given by the following Clifford algebra:
(Note that in our conventions −σ 0 αα coincides with the 2 × 2 identity matrix.) We can choose a Clifford vacuum |0 by the condition thatχb˙2|0 = χ a 1 |0 = 0. Then a typical state in the fermionic Hilbert space F is a linear combination of monomials of the form:
More precisely, states like these for fixed p and q generate a subspace F p,q of the total fermionic Hilbert space. The inner product in F is defined as follows: if |ψ is as above, its norm is given by ψ|ψ where
Tensoring bosons and fermions together we see that the total Hilbert space H = B ⊗ F is isomorphic to the space of square-integrable complex differential forms on X relative to the Hodge metric. Since X is compact, H has a dense subspace isomorphic to the smooth complex forms A c (X). Under the isomorphism, H inherits a bigrading H = H p,q which agrees with the one coming from the fermionic Hilbert space.
Under this isomorphism, operators in the quantum theory can be interpreted geometrically as operators acting on A c (X). It is not hard to show that the following dictionary holds for the supersymmetry generators:
The supersymmetry algebra obeyed by the supercharges, which can easily be worked out by iterating the supersymmetry transformations, then implies the identities (2) and (3). In particular, this shows that up to an inconsequential factor, the hamiltonian can be interpreted as the Hodge laplacian. Now consider the following linear combination of the Noether charges (8):
Under the isomorphism H ∼ = A c (X), we see that L agrees with the operator L defined in the previous subsection. Its hermitian adjoint is clearly given by
Their commutator is given by
which when written in terms of normal-ordered quantities becomes:
which acts as (p + q − n)½ on H p,q , as expected. Thus under the isomorphism H ∼ = A c (X), the operators (L, Λ, H) go over to their namesakes. Notice that although the J i satisfy the Lie algebra of so (3), the expressions for L, Λ and H involve complex linear combinations of the J i . The hermiticity conditions are such that we are in effect choosing a different real section of so (3, ) , one isomorphic to so(2, 1) ∼ = sℓ(2). Had we kept x 1 , say, in the dimensional reduction, we would have obtained so(2, 1) directly without having to take complex linear combinations; but such a choice would have made the notation a lot more complicated.
Sigma model Kähler geometry
is a spinor in 3+1: (10) Hodge identities (4) Table 1 Sigma models and Kähler geometry.
Finally we remark that the Hodge identities (4) are a consequence of the spinorial nature of the four-dimensional supercharge. If we let Ë = (S αSα ) t denote the four-dimensional supercharge, then [J µν , Ë] = Σ µν Ë. Upon dimensional reduction, we find that [J ij , S] = σ ij S, or simply that
Using the expressions of L and Λ in terms of the J i and the dictionary (9) it is easy to show that (10) goes over to the Hodge identities (4) . More invariantly, notice that Ë is a Majorana spinor in 3+1 dimensions, hence un-der Spin 0 (3, 1) ∼ = SL(2, ), it transforms according to the real representation (0, 1 2 ) ⊕ ( 1 2 , 0). Under the 'internal' Spin 0 (2, 1) ∼ = SL(2, Ê) subgroup of Spin 0 (3, 1) this representation breaks up into two doublets. The Hodge identities simply reiterate this fact. Table 1 above summarises the correspondence described in this section.
The hyperKähler case
Now comes the turn of the hyperKähler case. As before we first briefly review Verbitsky's construction of the action of so(4, 1) on the cohomology of a compact hyperKähler manifold and then show how this can be reproduced via dimensional reduction of the six-dimensional supersymmetric sigma model.
Verbitsky's construction
Let X be a compact hyperKähler manifold, and let I, J and K be the three complex structures and ω i , i = 1, 2, 3 be the corresponding Kähler forms. We fix a choice of one of the complex structures, I, say. Ignoring for the moment the other two complex structures, X is a compact Kähler manifold and all of the Hodge-Lefschetz theory goes through. In particular we have operators L 1 , Λ 1 and H defined as before but with ω 1 playing the role of ω.
We now bring to play the other two complex structures. We define operators L 2 and L 3 in the obvious way. Their adjoints relative to the Hodge inner product are Λ 2 and Λ 3 . Introducing operators K i = 1 2 ǫ ijk [L j , Λ k ], Verbitsky [6] showed that the following algebra is satisfied:
with all other brackets zero. Furthermore, Verbitsky also showed that as in the Kähler case, these operators commute with the Hodge laplacian, thus inducing an action on the cohomology.
The Lie algebra above is that of so(4, 1). For the purposes of the calculations in the next section, we will utilise the following description of these generators. Let J mn , for m, n = 1, . . . , 5, denote the generators of so (5) , satisfying the algebra
Now, defining (for i, j = 1, 2, 3)
one finds that the algebra of these generators reproduces (11). Again, taking complex linear combinations we have moved to a different real section of so (5, ) , this time so(4, 1) as evinced by the presence of factors of i in connection with the fourth coordinate.
The six-dimensional supersymmetric sigma model
We will now recover the results above using the supersymmetric sigma model in 5+1 dimensions. The target space of this sigma model is a hyperKähler manifold X of (real) dimension 4n. Normally the fermions in the sigma model would be a section of the positive spinor bundle S + over spacetime twisted by the pull-back of the tangent bundle T of the target manifold. However in this case, this prescription does not give rise to a match between the bosonic and fermionic degrees of freedom: we must impose a restriction on the fermions which we now detail. The complexified tangent bundle T of a hyperKähler manifold decomposes under the maximal subgroup Sp(1) · Sp(n) ⊂ SO(4n) as T ∼ = Σ ⊗ V , where Σ is a complex two-dimensional Sp(1) bundle and V is a complex 2n-dimensional Sp(n) bundle. The holonomy being Sp(n) means that the above decomposition is preserved under parallel transport and that in addition Σ is a trivial bundle. The canonical real structure of T is the product of the natural quaternionic structures in Σ and V . Because S + also possesses a quaternionic structure, the tensor products S + ⊗ V and S + ⊗ Σ possess real structures. Therefore we will be able to impose reality conditions on the fermions and on the supersymmetry parameters respectively. 7 The bundle S + ⊗ V is complex 8n-dimensional. The reality condition leaves 8n real components which gives 4n physical degrees of freedom, matching the number of bosonic physical degrees of freedom. Similarly S + ⊗ Σ is complex 8-dimensional and the reality condition leaves the expected 8 real components of the supercharge. We now introduce some notation to describe the fields in the sigma model. First we have 4n bosons φ i which are coordinates of the target manifold. The isomorphism T ∼ = Σ ⊗ V is given explicitly by objects γ i Aa . Here A, B , . . . are Sp(1) indices associated with Σ and running from 1 to 2, and a, b, . . . are Sp(n) indices associated with V and running from 1 to 2n. The bundle Σ being trivial allows a constant Sp(1)-invariant symplectic form ǫ AB ; whereas V admits an Sp(n)-invariant symplectic form ω ab . In terms of these symplectic forms, the metric g ij on T can be written as:
Because the holonomy lies in Sp(n), not just the metric g, but also the symplectic forms ǫ and ω are parallel; whence so are the maps γ i Aa . We choose to trivialise Σ globally and put on it the zero connection. This way any constant section is parallel. A final piece of notation is to choose an explicit realisation for the Clifford algebra in 5+1 dimensions (this will determine the explicit form of the reality condition satisfied by the fermions). The metric is η mn = diag (−1, 1, 1, 1, 1, 1) . We choose the (5 + 1)-dimensional Gamma matrices to be
where γ µ , for µ = 0, 1, 2, 3, are the (3+1)-dimensional gamma matrices:
Finally, we choose
We can now write down the following lagrangian (see, e.g., [4] ):
In this expression,
• the Ψ a are eight-component positive-chirality Weyl spinors: Γ 7 Ψ a = +Ψ a . In the above basis for the Γ-matrices, it means that Ψ a = ψ a 0 , with ψ a a four-component complex Dirac spinor, ψ a = χ a ᾱ φ aα .
• the Ψ a also satisfy the following symplectic Majorana condition:
where the matrix B must satisfy • the conjugateΨ a is given byΨ a = (Ψ a ) t C, where C is the charge conjugation matrix, which in our basis will be chosen to be C = −Γ 2 Γ 5 Γ 0 ;
• the covariant derivative is given by
withΓ the reduction to Sp(n) of the riemannian connection; and • Ω abcd is the hyperKähler curvature, a totally symmetric tensor defined by
The above lagrangian is invariant under supersymmetry transformations:
where ε A is a constant negative-chirality Weyl spinor with values in Σ subject to the symplectic Majorana condition:
The Noether current generating the supersymmetry is given by
The above lagrangian is also invariant under the following infinitesimal Lorentz transformations satisfying the Lie algebra of so(5, 1):
As in the four-dimensional sigma model, we compute the Noether current by letting Λ mn depend on the position and varying the lagrangian. The time (zeroth) component of this current, whose integral over space yields the conserved quantities, is found to be
where Γ mn = 1 2 (Γ m Γ n − Γ n Γ m ), and where, in anticipation, we have omitted terms which will not survive the dimensional reduction.
We now retain x 0 as the time and drop all dependence on the other coordinates. It is then a simple matter to impose the symplectic Majorana Weyl condition upon the fermions and use the explicit realisation for the Γ-matrices, to derive dimensionally reduced expressions for the quantities of interest. We will do this later for the 'internal' symmetry generators.
Finally, one finds after a little calculation that the term in the Lagrangian density which is quadratic in the fermions may be written iχ aσ 0χa . After quantisation, one thus finds the anticommutation relations amongst the fermions
where again we remind the reader that in our conventions, σ 0 = −½. We will choose the χ a α as creation operators and theχ aα as annihilation operators, acting on the appropriate Clifford vacuum. The bosons are quantised in the usual way, their Hilbert space being the space of square-integrable functions f (φ). Just as in the Kähler case, the total Hilbert space is (the completion of) the space of smooth complex-valued differential forms A c (X) on the hyperKähler manifold X. The explicit map is the following:
where
Notice that in this equation we have identified the index A pertaining to Σ with the index α. The inner product is defined as follows: if |ψ = χ a 1 α 1 χ a 2 α 2 · · · χ a k α k |0 , its norm is given by ψ|ψ where ψ| = 0|χ a kαkχ a k−1αk−1 · · ·χ a 1α1 .
In other words, just as in the Kähler case the adjoint is complex conjugation: (χ a α ) † =χ aα = (χ a α ) * . We see that again the Hilbert space of the quantum mechanical sigma model is (the completion of) the space of complex-valued smooth differential forms relative to the Hodge inner product. It is now possible to quantise the supercharges and compute their algebra. As is well-known, one finds that the hamiltonian agrees (up to a factor) with the Hodge laplacian. Therefore the ground states are once again in one-to-one correspondence with the cohomology.
As in the Kähler case, it is possible to make a dictionary relating the quantities appearing in the sigma model with the geometry of X. However we will simply mention that again the supercharges go to differential operators. Choosing a complex structure on X, it is possible to single out a particular linear combination of the supercharges which can be identified with the Dolbeault operator. In fact, on X there is a 2-sphere's worth of complex structures, on which the Lie group SO(3) acts transitively. On the sigma model side, this is nothing but the R-symmetry of the six-dimensional supersymmetry algebra. There are also analogues of the Hodge identities. Just as in the Kähler case, these identities reflect the transformation properties of the supercharges under the 'internal' symmetry subgroup Spin 0 (4, 1) ∼ = Sp(1, 1) of Spin 0 (5, 1) ∼ = SL(2, À).
The supercharges, being Weyl spinors, transform as the canonical irreducible representation of SL(2, À) of quaternionic dimension 2, which under the 'internal' Sp(1, 1) subgroup remains irreducible.
We now come to the main point of this section: the supersymmetric origins of the action of so(4, 1) on H * (X). As before, this action will come induced from the action of the Lorentz generators under the reduction to one dimension. The generators J mn , for m, n = 1, ..., 5, now generate an 'internal' so (5) symmetry of the one-dimensional supersymmetric quantum model obtained by this reduction. By virtue of its six-dimensional origin, this symmetry will furthermore commute with the action of the Hamiltonian, hence will induce an action on the ground states, i.e., on the cohomology of X. It remains to show that out of this so(5) symmetry follows the so(4, 1) symmetry introduced by Verbitsky and summarised in the previous section. We do so now.
It is enough to consider the linear combinations L i = −(J i5 + iJ i4 ). Expanding the expression (13), one finds that
or more explicitly
We define Λ i as the adjoints of L i with respect to the inner product defined by the norm (15), and then the other operators are defined using the Lie algebra of so (4, 1) . In other words, K i and H are defined by K i = 1 2 ǫ ijk [L j , Λ k ], and H = [L 1 , Λ 1 ], say. One can then check that these operators satisfy the Lie algebra so(4, 1) as written in (11).
To conclude the proof we must show that this so(4, 1) agrees with the one introduced by Verbitsky. Clearly it is sufficient to check that the L i can be interpreted as exterior product with the three Kähler forms. Under the isomorphism (14), L i indeed corresponds to exterior product with a 2-form
where (M i ) AB are matrices which can be read off from (16):
It is clear that the forms ω i are parallel, since so are ω and any constant section of any power of Σ (recall that Σ is a trivial bundle with the zero connection). It is moreover clear that these forms are linearly independent.
Since in an otherwise arbitrary compact hyperkähler manifold X the space of parallel 2-forms is three-dimensional and spanned by the Kähler forms, we conclude that these are the Kähler forms. However we can also explicitly write down the complex structures in this basis. The complex structures are defined by (I i ) aA bB = ω i cCbB = δ a b (J i ) A B , where the matrices J i are related to the M i by (J i ) A B = (M i ) AC ǫ CB :
It is easy to see that they obey the algebra of the imaginary quaternions:
as expected.
Conclusions
In this paper we have shown, following an idea of Witten, how the Hodge-Lefschetz theory for (hyper)Kähler manifolds is a natural consequence of supersymmetry. That such a statement can be made should not come as a surprise because Kähler and hyperKähler manifolds can be defined by the fact that it is only on these manifolds that the (3+1)-and (5+1)-dimensional sigma models admit supersymmetry. That this is the case is also linked in a special way to the properties of Clifford algebras in those dimensions: Weyl spinors in (3+1) dimensions are complex, whereas in (5+1) dimensions they are quaternionic. Furthermore, that the dimensionally reduced sigma model should have anything to do with the Hodge-Lefschetz theory (or Verbitsky's extension) is again not surprising, since this theory deals with the cohomology of the manifold, which are the quantum-mechanical ground states of the one-dimensional sigma model.
It is tempting to speculate that other aspects of the geometry of these manifolds also have supersymmetric origins. For example, if X is compact hy-perKähler, Verbitsky [6] proved that in general, there is an action of so(4, b 2 −2) on H * (X), where b 2 = dim H 2 (X). It remains an open problem to find a supersymmetric origin to this symmetry.
